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Enhanced Aeroelastic Analysis of Panels Under Transitory
Hypersonic Flow Conditions
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Computational analysis of transient hypersonic � ow effects on high-speed or reentry space vehicles with panel
substructures demonstrates the complexity of the aerothermoelastic behavior. Under certain transitory � ow con-
ditions (depending on the rate of change in dynamic pressures and thermal loads), the dynamic response rapidly
changes its pattern when crossing the stable/unstable domains of the stability map. An interesting investigation of
the dynamics of chaos of a deterministic system is offered. Apparently, the dynamic pattern should be related to
the classical map of the aeroelastic stability boundaries, but the numerical solutions do not always con� rm this
assumption. The sensitivity of the nonlinear aerothermoelastic model to initial conditions that is characteristic of
chaotic systems could explain this complex behavior.

Nomenclature
A = aerodynamic stiffness matrix
a, h = panel length and thickness
B = aerodynamic damping matrix
c = speed of sound
D = plate rigidity
K = elastic stiffness matrix
M = mass matrix
M 1 = Mach number
m = mass per square meter
N = normal tension
q 1 = dynamic pressure
r = vector of degrees of freedom
U = � ow velocity
u, v, w = displacements
x , y, z = Cartesian coordinates
a = coef� cient of thermal expansion
D pa , D ps = pressure (aerodynamic, static)
D T = temperature change
d = damping parameter
e = strain
k r = nondimensionaldynamic pressure
m = Poisson’s ratio
q 1 = air density
r = stress
r x = nondimensionalbuckling load
s = nondimensional time parameter

Subscripts

b = bending
m = membrane

Superscripts

t = transpose
0 = nondimensional
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Introduction

C HAOTIC oscillations have been observed in nonlinear me-
chanical systems by using analytical, numerical, and experi-

mental methods. A partial list1 includes the following:vibrationsof
buckled elastic structures, mechanical systems with play or back-
lash, nonlinearaeroelasticsystems,wheel–rail dynamics in rail sys-
tems, large three-dimensional vibrations of beams and shells, and
systems with sliding friction. The � uttering buckled panels sub-
jected to high-speed air� ow (Fig. 1) give an interesting application
of the dynamics of chaos in aircraft structures.

Within the classical approach,2– 4 the governing partial differen-
tial equation is reduced to a system of ordinary differential equa-
tions by using modal expansion and Galerkin’s method. The � nite
elements method (FEM) has provided new capabilities for com-
plex panel con� gurations. Olson5 and Han and Yang6 extended the
FEM for linear and nonlinear three-dimensional isotropic plates,
respectively. In addition, Xue and Mei7 also considered the effect
of arbitrary steady temperature. In Refs. 8 and 9 studies of nonlin-
ear � utter of composite panels were conducted; in Refs. 10–12 the
piezoelectric actuation method was successfully applied to control
and suppress the � utter phenomenon.

Nosigni� cantstudyhasbeendirectedtowardfailuremechanisms.
However, at least two mechanisms are readily identi� able and have
occurred in practice:1) If the stress amplitude due to � utter exceeds
the yield stress of the plate material over a substantialportion of the
structure, then catastrophicor rapid failure occurs. 2) If the stresses
are relatively small, then fatigue or long-time failure may occur.
Recent studies13 , 14 reported the fatigue analysis of two- and three-
dimensional nonlinear panel models subjected to steady supersonic
� ow conditions.

All of the mentioned studies dealt with constant high-speed � ow
conditions (in terms of dynamic pressure and/or thermal buckling
loads). The purpose of this paper is to extend the analysis by taking
into account a more realistic model of the phenomenon, consisting
of transitory changes of both parameters, assumed as having in-
creasing values until stagnation levels are reached. The high-order
� nite element model proposed by the authors has alreadyproved its
virtues in investigating the aeroelasticity of panels by solving the
classicalproblem15 and in its extension to the transitoryphenomena
of supersonic � eld � ow.16

Governing Equations
The von Kármán nonlinear strain-displacement relations for a

general isotropicHookean plate element undergoingboth extension
and bending at any point z are a sum of membrane and change of
curvature strain components:
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Fig. 1 Skew of the three-dimensional panel con� guration.
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If the plate is subjected to an uniform temperaturedifference D T ,
the stresses state can be written as the sum of the tension created by
the stretching of the plate due to bending and the thermal applied
in-plane load:

r x x = [E / (1 ¡ m 2)][e yy + m e xx ] ¡ [E / (1 ¡ m )]a D T

r yy = [E / (1 ¡ m 2)][e xx + m e yy] ¡ [E / (1 ¡ m )]a D T

r x y = [E / 2(1 + m )]e x y (2)

The tensions Nx , Ny , and Nx y de� ned by the relations

Nx =
Z h / 2

¡ h/ 2

r x x dz, Ny =
Z h/ 2

¡ h /2
r yy dz, Nx y =

Z h /2

¡ h / 2

r x y dz

(3)

are used in expressing the stretching and pure bending energy com-
ponents
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The governing equation is obtained through the application of
Hamilton’s principle,

Z
( d T ¡ d U + d W ) dt = 0 (5)

and has the known expression
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where D ps is the transversal static aerodynamic pressure. For the
aerodynamicterms, the simplest approximationvalidfor thedomain
of high-speed velocities is given by the � rst-order piston theory:
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This popular aerodynamic approximation predicts accurately the
� ow phenomenon at high Mach numbers. Moreover, Bailie and
McFeely17 have shown that their results in panel � utter analysis
obtained using a full unsteady hypersonic theory agree very closely
with the results of this approximate theory.

Finite Element Formulation
The � nite element idealization is based on the elastic theory of

the strains and stresses along the natural directions of a triangu-
lar � nite element. Mainly, the modeling procedure consists of the
Argyris high-order triangular � nite elements18 (fully compatible
elements for the out-of-plane and in-plane displacements, respec-
tively, based on the naturalgeometryconcept). Two nets of identical
topology and material properties create the � nite elements model:
1) One is composed of � fth-order (six nodes) triangular plate ele-
ments.The 21 degreesof freedomof this elementconsistof displace-
ment, all � rst and secondderivativesat the vertices, for satisfyingthe
continuity condition in curvature, and the normal derivative in the
middle-points of the edges. 2) The other is composed of a second-
order triangularmembraneelementswith 12 degreesof freedomper
element, having no � exural stiffnessand carrying loads by axial and
central shear forces.

Thus, the � nite element formulation of the general aerothermoe-
lastic Eq. (6) can be written (in a nondimensional form) by using
separate matrix components of plate and membrane terms
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where M, B, A, and K are the global mass, aerodynamic damping,
in� uence, and linear elasticstiffnessmatrices,respectively;Kg is the
geometricstiffnessdue to thermalforces;K1 andK2 are thenonlinear
elastic stiffness matrices that depend linearly and quadratically on
element plate rb and membrane rm displacements, respectively;Ps

and Px are the externally applied out-of-plane (static pressure) and
in-plane loads. Dowell’s nondimensionalparameters

f = t
p

D / ma4 , W = w / h, d = q 1 a / m

r x = Nx0a2 ê D, k r = q 1 U 2
1 a3 ê M 1 D

pr = D psa
4 ê Dh (9)

have the advantageof expressingthe variousresultsmost compactly.
In the classical approach, the aerothermoelastic system Eq. (8)

has been modeled as a differential equations system with constant
terms. The solution is a sum of a time-dependent homogeneous
solution (having the physical meaning of self-excited dynamic os-
cillations) and a time-independent particular solution (having the
physical meaning of a thermal-aerodynamicstatic equilibrium de-
� ection):

r = rs + rt (t ) (10)

Xue and Mei7 studied this aeroelastic model by separating Eq. (8)
in two parts: a set of nonlinear algebraic equations that yields the
thermal aerodynamic de� ection
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and a set of nonlineardifferentialhomogeneous(self-excited) equa-
tions that yields the limit cycle motion
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Fig. 2 Map of the aerothermoelastic stability boundary.
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Under these assumptions, the aeroelastic stability boundaries [in
the case of a simply supported square panel (Fig. 2)] governed by
the compressive load r x and dynamic pressure k r parameters are
directlyrelatedto thenatureof the static solutionsofEq. (11) (which
can be easily solved using a Newton–Raphson algorithm), that is,
in region I of the � at stable panel con� guration, Eq. (11) has a
converged trivial solution, in region III of the buckled stable panel
con� guration, a convergednontrivial solution occurs, and in region
IV, bifurcation occurs and Eq. (11) fails to yield a converged real
solution. Region IV is the domain of the chaotic phenomenon.

Transient Hypersonic Flow Effects
The high-speed � ow effects consist of dynamic pressure and ki-

netic heating acting on panel substructuresof hypersonic vehicles.
The thermal buckling load arises when the kinetic heating of

the panel surface yields a temperature difference between the � xed
edges (completely restrained against in-plane motions) and their
supports. The in-plane stress resultants are equal:

Nx = Ny = ¡
Eh a D T (t )

1 ¡ m
(13)

and could be related to the critical buckling conditions D Tcr by the
relation

¡ r x (t) ê 2p 2 = D T (t ) / D Tcr (14)

The phenomenon of kinetic heating modeled by standard com-
pressible � ow and shock relationscon� rmed19 the pattern of a tran-
sitory temperaturedistributionover the panel surface until a stagna-
tion level is reached. Under these circumstances, the same pattern
can be assumed for the temperature difference D T , as well as for
the thermal buckling load parameter r x .

In accord with Dowell’s notations, the nondimensionaldynamic
pressureparametercan be expressed in relation to the Mach number
and the structural and � ight characteristics:

k r =
q 1 U 2

1 a3

M 1 D
= kM 1 (15)

where k is a coef� cient depending on the panel geometry and ma-
terial properties (Young’s modulus and length/thickness ratio), as

Fig. 3 Typical trajectory of a hypersonic vehicle.

Fig. 4 Functions of parameter changes.

well as on the characteristicsof the height of � ight (air density and
speed of sound):

k = q 1 c2 12(1 ¡ m 2)

(h / a)3 E
(16)

A typical trajectory of a hypersonic vehicle (skewed in Fig. 3)
also involves a transitory pattern including constant levels that can
be extrapolated to dynamic pressure parameter k r .

By taking these considerationsinto account, the proper functions
for the transientbehaviorof the parameters that govern the aerother-
moelastic stability (thermal buckling load and dynamic pressures)
should have increasingslopesuntil the steady-state(stagnation) val-
ues are reached.These assumed functions (shown in Fig. 4) are im-
plemented into the computational program that solves the general
equation (8). The nonlinear aerothermoelasticmodel does not have
constantparameters (as does the classical approach); they vary with
the transitory pattern mentioned earlier.

Results
To perform a reliable analysis, the computational program has

been tested on the classical panel � utter problem: the complete be-
havior of a simply supportedsquarepanel (a / b =1 and h / a =0.01)
underuniform temperaturechange D T . The nondimensionaldamp-
ing parameter d / M 1 =0.01, the static pressure Ps =0, and the in-
planedynamics were neglected(M0

mm =0) in the generalaeroelastic
Eq. (8).

The nonlinear structural effect consists of the in-plane stretching
stresses induced by the large amplitudes of the out-of-plane mo-
tion. Because the tension increases at higher and higher de� ections
and remains positive for any sign of the amplitude, a limited aeroe-
lastic response [limit-cycle � utter (Fig. 5)] arises at supercritical
dynamic pressures. As the map of the aerothermoelastic bound-
aries shows (Fig. 2), the dynamic behavior becomes more complex
under certain combinationsof dynamic pressuresand thermalbuck-
ling loads: The limit-cycle oscillation (LCO) domain is extended at
large-temperature change (D T > D Tcr ), and chaotic motions arise
for moderate temperature and dynamic pressure conditions. The
chaotic motion that occurs (Fig. 6) might well be termed random.
However, it is clear that such motion evolves continuously in pa-
rameter space from motion that is decidedly deterministic.

The static thermoaerodynamicde� ectionsmay take placeat small
dynamic pressures, but at large in-plane thermal buckling loads
(third region in Fig. 2). For small aerodynamic forces, the super-
critical buckling forces ( ¡ r x /2 p 2 = D T / D Tcr > 1) will determine
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Fig. 5 LCO of the panel (¸r = 800, ¾x/2¼ = 0).

Fig.6 Chaoticmotion(¸r = 350, ¡¡ ¾x/2¼2 = 3:2)midpointof the panel.

Fig. 7 Aerothermodynamic de� ection at various dynamic pressures
( ¡ ¡ ¾x /2¼2 = D T/D Tcr = 3).

a large (almost) symmetrical thermal de� ection of a simply sup-
ported panel. For increasing aerodynamic forces, the divergence
shape of the panel becomes nonsymmetrical (with the maximum
amplitude point tending to the trailing edge) and decreases in am-
plitude (Fig. 7).

The limit-cycledeformedshapesat various� ow and thermal con-
ditions can offer a better understandingof the phenomenon within
the classical approach. Thus, we can see (Fig. 8) that the LCO am-
plitude increaseswhen exposing the panel to higher level of thermal
buckling loads under the same dynamic pressure.

The enhanced analysis performed for the transitory input data is
exempli� ed with dynamic response diagrams (Figs. 9–16) obtained
by step by step integration of the general equation system (start-
ing from a perturbation panel de� ection due to an uniform pres-
sure distribution acting on panel surface). These nondimensional
diagrams (amplitude scaled at panel thickness and dimensionless
time) have the advantages of establishing scaling laws to extrapo-

Fig. 8 Limit-cycle deformed shapes (y = a/2 section), various thermal
conditions at ¸r = 600.

Fig. 9 Transient behavior at D T/ D Tcr ! ! 3, ¸r ! ! 400.

Fig. 10 Transient behavior at D T/D Tcr ! ! 2:5, ¸r ! ! 500.

late results for other physical situations. Each graphic (Figs. 9–16)
shows the dynamic response (top) of the middle point of the panel
together with the corresponding variation of the nondimensional
velocity and thermal parameter (bottom, each scaled on the same
diagram) that govern the motion.The geometriccon� gurationof the
structural system corresponds to an isotropic square panel having
thickness/length ratio h /a =0.005.

Apparently, the dynamic pattern should be related to the map of
the aeroelastic stability boundaries (Fig. 2), but detailed numeri-
cal investigationsdo not always con� rm this assumption. Figures 9
and 10 exemplify two cases of transition to certain pairs values
( D T / D Tcr and k r ) when the dynamic behavior changes from a
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Fig. 11 Transient behavior ( D T/D Tcr ! ! 2:5, ¸r !! 500) during a
rapid change in dynamic pressure.

Fig. 12 Transient behavior ( D T/D Tcr ! ! 2:5, ¸r !! 500) during a
moderate change in dynamic pressure.

buckled panel to a chaotic pattern, though the aeroelastic stability
map indicates limit-cycle � utter solutions at this value. Moreover,
even when changing only the slope of the dynamic pressure func-
tion in transition to the same steady value (k r =500) and under the
same thermal condition (transient heating to D T / D Tcr =2.5), the
dynamic responses change their steady-state amplitudes and pat-
terns (Fig. 11 buckled ! limit-cycle � utter and Fig. 12 buckled
! chaos ! limit-cycle � utter, see also Fig. 10 for comparison).
This behavior is not evincedby the aerothermoelasticstability map,
which simply shows that everypoint of the LCO domain is uniquely
characterizedby a valueof limit-cycleamplitude.Numerically there
also can be found conditions for transition to a buckled shape of the
panel that is dynamically stable under the same stagnationdynamic
pressure and thermal levels. Indeed,Fig. 13 shows this, but the case
is not associated with the third region of the stability map (Fig. 2)
that corresponds to other combinations of parameters. This unpre-
dictable behavior cannot be fully explained through the theory of
chaoticmotions in deterministicsystems because the unpredictabil-
ity in dynamicsof chaos is usuallycausedby small changesin initial
conditions. The dynamic responses presented here have been ob-
tained by numerical integrationstarting from the same initial condi-
tions and modifyingonly the rate of change in the governingparam-
eters. These conditions may cause the system to snap to a nonzero
equilibrium position (as in Fig. 13) or to oscillate with different
amplitudes around the position of the � at panel (as in Figs. 10–12).
This is similar to a snap-throughphenomenonthat is alreadyknown
in thermally buckled panels. The behavior shown in Fig. 13 is less
likely to appear under real circumstances because transient kinetic
heating usually takes place in a very short time compared to the

Fig. 13 Transient behavior ( D T/D Tcr ! ! 2:5, ¸r ! ! 500) of a buckled,
stable state of the panel.

Fig.14 Transientbehaviorat D T/D Tcr ! 2,¸r ! ! 400 (rapid changes
of governing parameters).

dynamic pressure change, and a realistic analysis should take into
account this observation.

The effect of a signi� cant differencebetween the transitory peri-
ods of the two parameters that govern the aeroelastic stability also
consists of increasingLCO amplitude at a higher frequency.This is
more evident in the two cases of transition to the same stagnation
values D T / D Tcr ! 2.5 and k r ! 400 (Figs. 14 and 15 for rapid and
moderate change in dynamic pressure, respectively).

Note that these are dimensionlessresults, and a rigorous analysis
should take into account the real conditions of the phenomenon.
That is why we consideredit necessary to extract some dimensional
values from the Dowell’s parameters (9) that correspond to cer-
tain � ight conditions. The case of an aluminum alloy square panel
(E =0.735 £ 1011 Pa and q Al =2767.42 kg/m3 ) is studied for three
thickness/length ratios (h /a =0.004, 0.005, and 0.01). Thus, the
scaling relations between real and dimensionless time (s and t , re-
spectively) become (in seconds)

t =

8
><

>:

0.1603s , h /a = 0.004

0.1285s , h /a = 0.005

0.0641s , h /a = 0.01

(17)

Regarding the nondimensional dynamic pressure, a transitory
behavior is equivalent to an acceleration (or deceleration) of the
hypersonicvehicle at different altitudes.Table 1 gives the values of
coef� cient k [Eq. (16)] that relate the parameter k r to Mach num-
ber [Eq. (15)] depending on the altitude and panel thickness/length
ratio.
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Table 1 Values of coef� cient k, Eq. (16)

k

H , km h /a = 0.004 h /a = 0.005 h /a = 0.01

8 115.87 59.32 7.41
10 86.12 44.09 5.51
12 63.04 32.27 4.03
14 44.79 22.93 2.87
16 33.33 17.06 2.13
18 23.95 12.26 1.53
20 17.70 9.06 1.13
22 12.50 6.40 0.80
24 8.33 4.26 0.53
26 6.25 3.20 0.40
30 3.12 1.60 0.20
35 1.04 0.53 0.066
40 0.79 0.40 0.050
45 0.38 0.19 0.024
50 0.20 0.10 0.013
60 0.06 0.03 0.004
70 0.02 0.003 0.001
80 0.33 £ 10 ¡ 3 1.69 £ 10 ¡ 3 2.11 £ 10 ¡ 4

90 5.23 £ 10 ¡ 4 2.67 £ 10 ¡ 4 3.35 £ 10 ¡ 5

Fig. 15 Transient behavior at D T/D Tcr ! ! 2, ¸r !! 400 (moderate
change of dynamic pressure).

Fig. 16 Transient behavior at D T/D Tcr !! 2, ¸r = 400 (constant pa-
rameter).

Thesedataare useful to de� ne the transitionperiodof thedynamic
pressure knowing the changes in speed (Mach number) and altitude
over a time span (skewed in Fig. 3). Considering the possible � ight
regimes of the actual high-speedvehicles,we can conclude that this
phenomenon usually involves small to moderate values of dynamic
pressures and could take a long time (hundreds of seconds until a
stagnation value arises) compared to the transient kinetic heating.

Assuming quasi-steadyconditions for the dynamic pressure dur-
ing a transientbehaviorof thermal buckling loads, the aerothermoe-
lastic response is also distinct from the earlier patterns. Thus, in the
case of transitory thermal change D T / D Tcr ! 2 at k r =400 [quasi-
state dynamicpressure (Fig. 16)] the LCO pattern is maintained,but
at larger amplitude than the cases of Figs. 14 and 15. Additionalnu-
merical investigations of this case con� rmed the invariance of the
LCO characteristicswhen varyingthe slopeof the transitorythermal
function.For this case of transitory conditions, the sensitivityof the
aerothermoelastic system in LCO amplitude and frequency seems
to be governedby the dynamicpressurebecause it is associatedwith
the transitory change of this parameter.

Conclusions
Under fully transitory hypersonic � ow conditions (simultaneous

changesin thermalforcesanddynamicpressures), thedynamicanal-
ysis of the panel substructuresof high-speed vehicles demonstrates
the complexityof the aerothermoelasticbehavior.Dependingon the
rate of change in dynamic pressuresand thermal loads, the dynamic
response modi� es its pattern when crossing the stable/unstable do-
mains of a stability map. Apparently, the dynamic pattern should
be related to this classical map, but detailed numerical investiga-
tions do not always con� rm this assumption. The sensitivity of the
nonlinear aerothermoelasticmodel to initial conditions and energy
received by the system from the transitory governing parameters
(which is characteristicof chaotic systems) could explain this com-
plex behavior.

The classical approach of the failure prediction in panel � utter
(based on the curves of constant amplitudes plotted on the area of
the LCOs domain) could offer incompleteor erroneousinformation.
A reliable fatigue and failure analysis should take into account the
transient effects of hypersonic� ow conditionson aerothermoelastic
behavior.
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